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Abstract. This is the first paper by Gunnar Nordstrom (1881- 
1923) on his five dimensional theory. In his summary he states: 
"It is shown, that a unifying treatment of the electromagnetic and 
gravitational fields is possible, if one considers the four dimensional 
spacetime world to be a surface in a five dimensional world." This 
paper was followed by two other papers written by Gunnar Nord- 
strom during the one year period 1914-1915, on the same subject, 
which are also made available here. What Nordstrom called "Welt- 
fiache" (world-surface) is nowadays termed a brane. Nordstrom's 
theory was thus a precursor of the modern brane- and SD-theories. 
His basic idea was to unify electromagnetism and gravitation (in 
the form of Nordstrom's scalar theory) by extending the basic 
formalism of Maxwell's electromagnetic theory, as developed by 
Minkowski, to a five dimensional space of which physical space- 
time is a hypersurface. Modern 5D-theories use the same basic 
approach but start instead from Einstein's general theory of rela- 
tivity which is extended to the 5D-case. Einstein's theory was of 
course only in its final gestation when Nordstrom worked on his 
theory, and the full impact of geometry on physics was only to 
become apparent later. Subsequently Theodor Kaluza (1921) and 
Oskar Klein (1926) also seized on the idea of spacetime extension 
as a path toward unification. - F.B. 



It is one of the great merits of the theory of relativity that it is able 
to represent the electromagnetic state of the aether using a vector, 
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the Minkowski six- vector f , while the old formulation required 
two field vectors to represent this state. However, this possibility of 
characerizing the aether state becomes insufficient when one assumes, 
besides the electromagnetic field, a gravitational field. In the theories 
of gravitation, developed by M i ^ and myself, the gravitational field 
becomes a four- vector; if such a theory corresponds to reality, then the 
state of the aether will be characterized by a six-vector and a four- 
vector. 

We are going the denote the components of the electromagnetic six- 
vector by 

fxyi fyzi fzxi fxui fyui fzui 

in which we have put u = ict, where c is the velocity of light. 
The components of the magnetic field strength Sj and the electric field 
strength ^ become therU 

r fyz fzy etc, 

i'Sx fxu fux etc. 

We introduce next purely formally, for the components of the gravi- 
tational four-vector, the following symbols, 

fwxi fwyj fwzi ftiiu) 

fwx, etc) and write the following system of equations: 
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^G. Mie, Ann. d. Phys. 40, 25, 1913. 

^G. Nordstrom, diese Zeitschr. 13, 1126, 1912; Ann. d. Phys. 40, 872, 
1913; 42, 533, 1913. 

^H. Minkowski, Gott. Nachr. 1908, S. 58. 
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Both systems of equations are completely symmetric with respect to 
x,y, z,u,w. They have, of course, thus far no physical content; how- 
ever, if we set all the partial derivatives with respect to w equal to 
zero, then one finds that they transform into field equations of the 
electromagnetic and gravitational fields, when i.^, ^z, K are the com- 
ponents of the four-current and —^tw is the rest mass-density of the 
gravitational mass0 

The four first equations in both systems become now the Maxwell 
equations in the form presented by Minkowski; the last equation in 
dll is the fundamental equation of gravitation, while the six remaining 
equations in express that the gravitational vector is irrotational. 

This interpretation of the equations ([T]), shows, that it is justified 
to consider the four dimensional spacetime as a surface situated in a 
five dimensional world. In such a five dimensional world the tm are 
the components of a five- vector and the fmn the components of a ten- 
vector; the latter gives a complete characterisation of the state of the 
aether. The five dimensional world has a distinguished axis, the ly-axis; 
at every point of the four dimensional spacetime it is orthogonal to this 

^ By this I understand the quantity, which I have denoted by <? • in the cited 
papers; thus, 

1, 

— tyj = g -v. 

c 

For the components of the gravitational vector one might, more generally, in- 
troduce the representation aftu^;, af^j,, af^uz, afmu , where a is an arbitrary real or 
imaginary constant; then we would have —-iw = gv. It follows, however, by ap- 
plying the energy-momentum theorem, that a must be either equal to +1 or -1, in 
order that the last equation in ^ actually will be satisfied like the rest. 
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axis and the derivatives of all the components of fmn with respect to w 
are equal to zero. 

The components of f can be expressed using a five-potential $2;, ^y, 
$2, $u, ^uj, when for each component 



(2) 



fn 



<9$„ <9$, 



dm dn 



By differentiating the equations ([T| we obtain for the "five-current'' 
t the relation 



(3) 
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whence one may write for the five-potential the following six partial 
differential equations: 
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In order to save space we have only explicitly written down two of 
the five equations in ([5]). When these six conditions are satisfied, then 
the expressions (l2|) will satisfy the field equations (JTTl) identically. 

Our equations ([T]), ([Tll) make it possible to give a unified presentation 
of the energy-momentum theorem for the combined electromagnetic 
and gravitational field. In order to obtain this theorem for the x- 
direction, we have to multiply each of the four equations ([T]), which 
refer to the other coordinate-axes, with f^y, fxz, fxu, Uw, and each of 
the six equations ([TTl) which contain x, with fmn, where m, n denote 
the other two indices appearing in the equation in correctly ordered. 
The ten equations thus obtained are then added together after which 
a simple rearranging gives the desired result. 

We will demonstrate the theorem for the w-direction - that is, the 
energy theorem - and must thus multiply the three first equations in 
with fux, fuy, fuz, and the last one with fuw Furthermore, one must 
multiply the second, third, fourth, eighth, ninth and tenth equation 
in (jni) with fyz, f^^, f^y, f^^, f^y, f^2, respectively. We obtain, after 
addition and some rearranging, the term 
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A simple rearranging gives the desired equation 
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i-f -f - f -f +f +f +f +f +f + f ) = 

The quantities in the brackets on the left hand side are components 
of a five dimensional tensor, and the equation is thus of the form 



dP dP dP dP dP 

6 a — h + h h — = ^. 

dx dy dz du ow 
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If we multiply it with ic and set equal to zero we obtain the 
energy relation in its conventional form. In this way we obtain for the 
x-component of the energy-current 




dt dx 

The last expression is obtained by using the equations ^ and ([2]), 
where the derivatives with respect to w are set equal to zero. Using 
vector analysis the expression for & can be rendered as 

(9$ 

(7 a) e = c[^S)]-^V^^. 

For the energy-density we obtain likewise from (I6|) a vector analytical 
form: 



(8) V' = ^|i?' + ^' + (V$ 

These expressions for the energy-current and the energy-density are 
the sums of their familiar expressions in case of the the electromagnetic 
field and the gravitational field; which is exactly the desired result of 
our considerations. 

It is easy to see that the claim made in the note on p. 504 [p. [3] left 
column is correct, and that only the components of the ten- vector f 
and the five-vector t having the index u are imaginary. 

By permutating the indices in equation ([6]) one obtains four ad- 
ditional equations. The three, which refer to the spatial directions, 
naturally express the momentum theorem in the familiar form. The 
equation for the ly-direction becomes on vector analytical form, after 
introducing the field strengths and the gravitational potential $^ 

-div{[i^,V$.] + l5^} + l|(5V$.) + 



2dw 




c ou 



Presently it is not known whether this expression might have a phys- 
ical meaning. 

The above point of view provides, as we have seen, some formal ad- 
vantages as it permits the electromagnetic and the gravitational fields 
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to be expressed as a single field. Of course, the equations have not 
thereby gained any new physical meaning. Yet I do not think it can 
be excluded that this symmetry may have a deeper foundation. How- 
ever, I will not here explore the possibilities that one might conjecture 
regarding this. 

Summary. It is shown that a unifying treatment of the electro- 
magnetic and gravitational fields is possible if one considers the four 
dimensional spacetime- world to be a surface in a five dimensional world. 

H e 1 s i n g f o r s, 30. March 1914. 

(Submitted 3. April 1914) 



Appendix A. A brief summary using modern notation 

Some comments using a modernized notation is offered here for a 
quick review of the main contents of the paper. (Because of the u = id 
convention the metric signature here is (+ + H — h + ).) We use A 
for the "vector potential" generalized to five dimensions, and F for the 
corresponding generalized field = 1, . . . , 5, with i = 5 corresponding 
to w in the paper), 

A = Aidx , 

F = dA = ^ {d'Aj - d^Ai) dx' A dx^. 

The equations are thus the same as dF = 0. Using the conven- 
tion of summing over repeated indices, the equations ([T|) can be written 
as 

djF'^ = J\ 

where we have used J for the generalized current density. The current 
density may be represented 4-form given by 

J = J'eijkimdx^ A dx'' A dx'' A dx"", 

where eijkim is the anti-symmetric tensor with values ±1. By defining 
the dual *F of F as 

*F = ]^t'^^^'^Firadx' A dx^ A dx^, 
then the equations (P) can be written as 



d*F= J. 
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The equation (J!]) is a generalization of the "Lorentz gauge condition", 
diA^ = 0, to five dimensions which together with previous equation 
gives 

which is equation ([5]). 

The key observation of the paper is that the ansatz d^A^ = splits 
the previous equations into the "wave equations" for electromagnetism 
and scalar gravity (A^ is associated with the gravitational potential 
and with the matter density). From d*F = J we immediately get 
dJ = which states the conservation of the five-current, equation ([3]). 
Equation dF = is equvialent with 



cycl 

Using this and the field equation djF^^ = ,P we can demonstrate 
equation fl6 al) in the form 

with the "energy-momentum tensor" T^^ defined b}ll 



1 

r 

While djT"^^ = for z = 1,2,3,4 is associated with momentum and 
energy conservation, Nordstrom is not sure what to make of the case 
i = 5. It was only in 1918 that Emmy NoetheiS published her theorem 
on the relation between symmetry and conserved quantities for theories 
defined in terms of Lagrangians. In this case, the Lagrangian density 
(inclusive the interaction term) is given by 



C = --F,,F'^ + Aif 



1 

4' 

Thus, with Noether's methods we can derive the energy-momentum 
tensor from the Lagrangian by considering translations along the x*- 
directions. The corresponding conserved "charges" are defined by in- 
tegrating over hypersurfaces t = constant. Define the "surface" forms 

by 



^The general concept of the energy-momentum tensor was codified by Max von 
Laue, Ann. d. Phys. 35: 524-542, 1911; Das Relativitatsprinzip, Braunschweig 
1911, which Nordstrom had studied closely. For the historical background see J D 
Norton, "Einstein, Nordstrom and the early demise of the scalar Lorentz covariant 
theories of gravitations," Archive for History of Exact Sciences, 45: 17-94, 1992; 
[www . pitt . edu7~ j dnorton. 

^Nachr. d. Konig. Gesellsch. d. Wiss. zu Gottingen, Math-phys. Klasse, 235-257, 



1918; for an engl. translation see physics/0503066 
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dSi = {-ly+^dx^ A---dx-^--- Adx^ 

where the "widehat" means that the corresponding element is absent. 
Then if we define Vt to be the hypersurface x'^ — ict it follows that 

Jvt-^ JvtQ JdW 

I d{T^dSj)= I djT^dQ^O, 
Jw Jw 

where W is the 5-volume bounded by Vt^, V^^, and dQ is the 5- 

volume form. (We note that if the fields are constant along the x^- 

dimension, according to the ansatz, then the ^^-integration only adds 

a spurious factor.) Thus P* = Jy^ T'^^dSj is independent of the time 

slice, which is the content of the conservation theorem. The conserved 

quantity associated with x^-translation would then correspond to 

the integral J T^dxdydz = — J E ■ V A^dxdydz. What is lacking here 

is the corresponding expression for the matter tensor T,„ and the "5- 

momentum" of a particle which would balance the field contribution 

such that djTll^ = 0. 



